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GEOMETRY OF FAMILIES OF NODAL CURVES ON THE
BLOWN–UP PROJECTIVE PLANE
GERT-MARTIN GREUEL, CHRISTOPH LOSSEN, AND EUGENII SHUSTIN
Abstract. Let P2r be the projective plane blown up at r generic points.
Denote by E0, E1, . . . , Er the strict transform of a generic straight line on
P2 and the exceptional divisors of the blown–up points on P2r respectively.
We consider the variety Virr(d; d1, . . . , dr ; k) of all irreducible curves C in
|dE0 −
∑
r
i=1
diEi| with k nodes as the only singularities and give asymptoti-
cally nearly optimal sufficient conditions for its smoothness, irreducibility and
non–emptyness. Moreover, we extend our conditions for the smoothness and
the irreducibility on families of reducible curves. For r ≤ 9 we give the com-
plete answer concerning the existence of nodal curves in Virr(d; d1, . . . , dr ; k).
Introduction
We deal with the following general problem: given a smooth rational surface S and
a divisor D on S, when is the variety Virr(D, k) of nodal irreducible curves in the
complete linear system |D| with a fixed number k of nodes non–empty, when non–
singular and when irreducible? For S = P2, these questions are completely answered
by the classical result of F. Severi ([Sev]), stating that the variety Virr(dH, k) of
irreducible curves of degree d having k nodes is non–empty and smooth exactly if
0 ≤ k ≤ (d− 1)(d− 2)
2
,
and the result of J. Harris ([Har]), stating that Virr(dH, k) is always irreducible.
A modification of Severi’s method did lead to a sufficient (smoothness–)criterion for
general smooth rational surfaces S ([Ta1, Nob]): let C0 ⊂ S be a smooth irreducible
curve, let C ∈ |C0| be a reduced (nodal) curve with precisely k nodes, such that
C = C1 ∪ . . . ∪ Cs, Ci irreducible and
KS · Ci < 0(0.0.1)
for each 1 ≤ i ≤ s, then the variety Virr(C0, k) of irreducible curves in |C0| having
precisely k nodes is smooth (see [Ta2, GrM, GrK, GrL] for generalizations to other
surfaces). Moreover, in those cases each node of C can be smoothed independently.
In this paper, we concentrate on the case S = P2r, the projective plane blown up
at r generic points p1, . . . , pr. Let E0, E1, . . . , Er denote the strict transform of a
generic straight line on P2 and the exceptional divisors of the blown–up points on
P
2
r, respectively. Then for an irreducible nodal curve C ∈ |dE0 −
∑r
i=1 diEi| the
1
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condition (0.0.1) reads as
3d >
r∑
i=1
di .(0.0.2)
In the blown–down situation, such a curve C corresponds to a plane curve of degree
d having (not necessarily ordinary) di–fold points at pi, 1 ≤ i ≤ r, and k′ ≤ k nodes
outside. For the variety of irreducible plane curves of fixed topological (or analytic)
type, E. Shustin gives in ([Sh2]) an asymptotically improved sufficient condition for
smoothness and irreducibility:
αd2 + o(d2) >
∑
σ(Si) ,
where σ denotes some positive invariant of the singular points. In our case, keeping
k, d and the di (1 ≤ i ≤ r) fixed, certainly k′ and the topological types of the mul-
tiple points may vary. Nevertheless, we shall obtain sufficient conditions for the
smoothness and the irreducibility of the same type, that is, with the same expo-
nent in d. Moreover, we should like to emphasize that we can extend them on
families of reducible curves - — in contrast to A. Tannenbaum’s result for K3-
surfaces (cf. [Ta2]).
In section 3, we shall give a complete answer for the existence problem in case of
r ≤ 9 blown–up points (Theorems 3 and 4). For r ≥ 10, we obtain an exponentially
optimal sufficient condition (Corollary 3.1.8), that is, of the same exponent in d
as the known restrictions for the existence of the corresponding plane curves with
di–fold singularities Si (1 ≤ i ≤ r) and k′ nodes Sr+1, . . . , Sr+k′ (from Plu¨cker for-
mulae to inequalities by Varchenko [Var] and Ivinskis [Ivi, HiF]). These restrictions
are of type
α2d
2 + α1d+ α0 >
r+k′∑
i=1
σ(Si) (α2 = const > 0)
with σ some positive invariant depending, at most, quadratically on d. Our re-
sult improves for the given situation the only previously known (general) existence
criterion (in [Sh1]):
(d+ 3)2
2
≥
r+k′∑
i=1
(µ(Si) + 4)(µ(Si) + 5) ,
which is not exponentially optimal since the right–hand side may be of order four
in d. For the proof, we combine a modification of the method of A. Hirschowitz in
[Hir] and the smoothing of nodes (cf. [Ta1]).
Notation and terminology
Throughout this article we consider all objects to be defined over an algebraically
closed field K of characteristic zero. We use the following notations:
• P2r — the projective plane blown up at r generic points p1, . . . , pr.
• mzν — the maximal ideal in the local ring OP2r,zν , zν ∈ P2r.
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• E0 — the strict transform of a generic straight line (in P2).
• Ei (1 ≤ i ≤ r) — the exceptional divisor of the blown–up point pi on P2r.
• Virr(d; d1, . . . , dr; k) — the variety of all irreducible curves C in the linear
system |dE0 −
∑r
i=1 diEi| having k nodes as their only singularities.
Furthermore, for a reduced nodal curve C ⊂ P2r, C = C1 ∪ . . . ∪ Cs (Ci irreducible),
having precisely k nodes as their only singularities and a divisorD on P2r, we denote:
• V (|D|;C) — the variety of all reduced curves C˜ = C˜1 ∪ . . . ∪ C˜s in the linear
system |D| with precisely k nodes as their only singularities, whose compo-
nents C˜i have the same type (that is, are in the same linear system and have
the same number of nodes) as the components Ci (1 ≤ i ≤ s) of C.
1. Smoothness
1.1. Formulation of the result. For P2r , r ≤ 8 , condition (0.0.1) is fulfilled for
each irreducible curve C, hence Virr(d; d1, . . . , dr; k) is always smooth. In case
r = 9 and C ∈ Virr(d; d1, . . . , d9; k), (0.0.1) reads
3d >
9∑
i=1
di ,
which is satisfied exactly if C is not the (unique) smooth cubic through p1, . . . , p9.
Thus Virr(d; d1, . . . , d9; k) is always smooth, too. In this section we shall prove:
Theorem 1 (Smoothness Theorem). Let r ≥ 10, and let the positive integers
d; d1, . . . , dr satisfy the two (smoothness) conditions
[ √
2k
]
<
d
2
+ 3−
√
2
2
√√√√ r∑
i=1
(di + 2)2(1.1.1)
[ √
2k
]
< d+ 3−
√
2
√√√√2 + r∑
i=1
(di + 2)(di + 1) .(1.1.2)
Then Virr(d; d1, . . . , dr; k) is smooth and has the T–property (that is, each germ
of Virr(d; d1, . . . , dr; k) is a transversal intersection of germs of equisingular strata
corresponding to the k nodes).
Let C ⊂ P2r be a reduced nodal curve, C ∈ |D|. If, for each irreducible component
Cν ∈ |d(ν)E0 −
∑r
i=1 d
(ν)
i Ei| of C (having precisely k(ν) nodes), the two smoothness
conditions are fulfilled, then V (|D|;C) is smooth and has the T–property.
1.2. Vanishing criteria. We introduce the vanishing criteria which we shall
mainly use in the proof of the Smoothness and the Irreducibility Theorem (in the
next paragraph):
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For a curve C ∈Virr(d; d1, . . . , dr; k) and a subset Σ0 ⊂ SingC we define the sheaf
T 1C,Σ0 to be the skyscraper sheaf concentrated at SingC = {z1, . . . , zk} with stalks
(T 1C,Σ0)zν :=
{
OP2r,zν/mzν for zν ∈ SingC − Σ0
OP2r,zν/m2zν for zν ∈ Σ0 .
Furthermore, put
NΣ0C/P2r := Ker
(NC/P2r −→ T 1C,Σ0) .
Proposition 1.2.1. Let C ∈ |dE0 −
∑r
i=1 diEi| be a reduced nodal curve having k
nodes as its only singularities, C˜ ∼ dE0 −
∑r
i=1 d˜iEi , where d˜i ≥ di for 1 ≤ i ≤ r,
and Σ0 ⊂ SingC = {z1, . . . zk}. Moreover, let H˜ be a reduced curve whose local
equations map to 0 ∈ (T 1C,Σ0)zν for 1 ≤ ν ≤ k.
Then H1(C,NΣ0C/P2r ) vanishes, if the following conditions are satisfied:
(A) H1(P2r ,OP2r(C)) = 0
(B) H1(P2r ,OP2r(C˜ − H˜)) = 0
(C) H1(H˜, N˜Σ0
H˜/P2r
) = 0
where N˜Σ0
H˜/P2r
:= Ker
(
OP2r (C˜)⊗OH˜ −→ T 1C,Σ0
)
.
Proof. We have an exact sequence
. . .→ H1(P2r,OP2r (C))→ H1(C,NC/P2r )→ H2(P2r ,OP2r)→ . . .
where, by Serre duality, H2(P2r,OP2r) = H0(P2r ,KP2r) = 0 . Hence, the statement of
the proposition follows immediately from the following commutative diagram with
exact columns and diagonal
... H0(OP2r (C)) ⊃ H0(OP2r(C˜))
...
❄
✟
✟✟✙
❍
❍❍❥ ❄
H0(NC/P2r ) H0(OP2r (C˜)⊗OH˜)
❄ ❄
❍
❍❍❥
H0(T 1C,Σ0 ) H0(T 1C,Σ0) H1(OP2r(C˜−H˜))
0
❄ ❄
H1(NΣ0C/P2r ) H
1(N˜Σ0
H˜/P2r
)
❄
0
H1(NC/P2r ) = 0
In the following we shall obtain the vanishing properties (A) – (C) by applying two
well–known criteria:
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Proposition 1.2.2 (Hirschowitz-Criterion, [Hir]). Let C ∼ dE0 −
∑r
i=1 diEi,
where d , d1, . . . dr are non–negative integers satisfying
r∑
i=1
di(di + 1)
2
<
[
(d+ 3)2
4
]
,(1.2.3)
then H1(P2r,OP2r (C)) = 0.
In a more special situation, let SIr be the projective plane blown up at r points
p1, . . . , pr where pi, i ∈ I, lie on a line, and all the other points are in generic
position. Let C be as above such that∑
i∈I
di ≤ d+ 1(1.2.4)
and condition (1.2.3) holds, then H1(SIr ,OSIr (C)) = 0.
Proposition 1.2.5 ([GrK]). Let S be a smooth surface, C ⊂ S a compact reduced
curve, F a torsionfree coherent OC-module which has rank 1 on each irreducible
component Ci of C (1 ≤ i ≤ s). Then H1(C,F) = 0 if for 1 ≤ i ≤ s
χ(F ⊗OCi) > χ(ωC ⊗OCi)− isodCi(F ,OC) .(1.2.6)
Here denotes reduction modulo torsion, ωC the dualizing sheaf and the isomor-
phism defect isodCi(F ,OC) is defined to be the sum of all
isodCi,x(F ,OC) := min (dimC coker (ϕCi : (F ⊗OCi)x → OCi,x)) ,
x ∈ Ci , where the minimum is taken over all ϕCi which are induced by local homo-
morphisms ϕ : Fx → OC,x.
Corollary 1.2.7. If, in the situation of Proposition 1.2.1, we have for each irre-
ducible component H˜i (1 ≤ i ≤ s) of H˜
H˜i · (C˜−H˜−KP2r) > #(SingC ∩ H˜i) :=
∑
z∈SingC
multiplicity (H˜i, z)(1.2.8)
then H1(H˜, N˜Σ0
H˜/P2r
) vanishes.
Proof. Applying the Riemann–Roch–Theorem and the adjunction formula, condi-
tion (1.2.6) reads
deg (N˜Σ0
H˜/P2r
⊗OH˜i) > (KP2r + H˜) · H˜i − isodH˜i(N˜Σ0H˜/P2r ,OH˜) .
The exact sequence 0→ N˜Σ0
H˜/P2r
→ OP2r (C˜)⊗OH˜ → T 1C,Σ0 → 0 implies
deg (N˜Σ0
H˜/P2r
⊗OH˜i) = deg (OP2r (C˜)⊗OH˜i)− χ (T 1C,Σ0 ⊗OH˜i) .
Finally, an easy consideration shows that
χ (T 1C,Σ0 ⊗OH˜i)− isodH˜i(N˜Σ0H˜/P2r ,OH˜)
=
∑
z∈SingC
dimC(T 1C,Σ0 ⊗OH˜i)z − isodCi(N˜Σ0H˜/P2r ,OH˜)
≤ #(Sing C ∩ H˜i) .
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1.3. Proof of the Smoothness Theorem. Following ([GrK], Theorem 6.1), it
is sufficient to show that the first cohomology group H1(C,N ∅C/P2r ) of the sheaf
N ∅C/P2r = Ker (NC/P2r −→ T
1
C )
vanishes, where T 1C denotes the skyscraper sheaf concentrated in the singular set
SingC = {z1, . . . , zk} with stalk in zν
(T 1C )zν = OP2r,zν/mzν .
If the reduced curve C ⊂ P2r decomposes as C = C′ ∪ C′′, then we can consider the
exact sequence
0 −→ NC′/P2r ⊕NC′′/P2r
α−→ NC/P2r −→ OC′∩C′′ −→ 0 ,
α being induced by id1 ⊗G+ F ⊗ id2, where F (resp. G) denotes a (local) equa-
tion of C′ (resp. C′′). Since C′ and C′′ intersect only in nodes, α maps precisely
N ∅C′/P2r ⊕N
∅
C′′/P2r
to N ∅C/P2r , and the statement of the theorem follows immediately
(by induction) from the vanishing statement in the irreducible case.
First, we have to make some easy considerations about exceptional curves:
Lemma 1.3.1. Let H ∈ |hE0 −
∑r
i=1 hiEi| be an irreducible curve, then
1
h2
r∑
i=1
h2i ≤ 1 +
1
h
≤ 2 .
Proof. The r blown–up points p1, . . . , pr are chosen generically. Hence, the exis-
tence of an irreducible curve H ∈ |hE0 −
∑r
i=1 hiEi|, that is of an irreducible curve
H¯ ⊂ P2 passing through the pi with multiplicity hi (1 ≤ i ≤ r), implies for an ad-
ditional point p ′ν 6∈ H , close to pν with hν ≥ 1, the existence of a curve H¯ ′ ⊂ P2
passing through pi with multiplicity hi (i 6= ν), through pν with multiplicity hν − 1
and through the additional point p′ν .
We can assume h ≥ h1 ≥ h2, . . . ≥ hr > 0 and obtain by Be´zout’s theorem:
h21 + . . .+ h
2
r−1 + hr(hr − 1) ≤ h2 .
The above statement follows immediately.
Remark 1.3.2. We call an irreducible curve H ∈ |hE0 −
∑r
i=1 hiEi| an exceptional
curve, if
r∑
i=1
h2i > h
2 .
Applying Be´zout’s theorem, it is clear that for fixed data h, hi (1 ≤ i ≤ r) there
is at most one such exceptional curve H ; hence for fixed degree h there are only
finitely many exceptional curves. For example, for h = 1 the exceptional curves are
just the lines connecting two of the blown–up points.
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We divide SingC = Σ1 ∪Σ2 where Σ2 denotes the set of all nodes lying on the ex-
ceptional divisors Ei (1 ≤ i ≤ r). Let H ∈ |hE0 −
∑r
i=1 hiEi| be a (reduced) curve
of minimal degree passing through Σ1. Such a curve exists (at least) for each h
fulfilling h(h+ 3)/2 ≥ k, hence we can suppose h ≤ [√2k] . Moreover define
H˜ := H ∪ E1 ∪ . . . ∪ Er ∈ |hE0 −
r∑
i=1
(hi − 1)Ei|
and let C˜ ∼ dE0 −
∑r
i=1 d˜iEi with d˜i := max {di, hi + [di2 ]− 1}. Applying Propo-
sition 1.2.1 we have to check three conditions:
(A) By the Hirschowitz-Criterion (1.2.2) H1(P2r ,OP2r(C)) vanishes, because (1.1.2)
implies (1.2.3).
(B) The same criterion gives the vanishing of H1(P2r ,OP2r(C˜ − H˜)), because√
(d− h+ 3)2
4
≥ d+ 3− [
√
2k]
2
(1.1.2)
>
√
1 +
∑r
i=1
(di + 1)(di + 2)
2
≥
√
1 +
∑r
i=1
(d˜i − hi + 1)(d˜i − hi + 2)
2
.
(C) Applying Corollary 1.2.7, we have to check condition (1.2.8) for each irre-
ducible component Hν ∈ |h(ν) −
∑r
i=1 h
(ν)
i Ei| , 1 ≤ ν ≤ s, of H and each ex-
ceptional divisor Ei, 1 ≤ i ≤ r :
Ei · (C˜ − H˜ −KP2r)−#(SingC ∩ Ei)
Be´zout≥ d˜i − (hi − 1) + 1−
[
di
2
]
> 0
Hν · (C˜ − H˜ −KP2r)−#(SingC ∩Hν)
Be´zout≥ h(ν)(d−h+3)−
r∑
i=1
h
(ν)
i (d˜i−(hi−1)+1)−
[
h(ν)d−∑ri=1 h(ν)i di
2
]
Cauchy
≥ h(ν)
(
d
2
+ 3− [
√
2k]
)
−
√∑r
i=1
(
h
(ν)
i
)2√∑r
i=1
(di + 2)2
4
(1.3.1)
≥ h(ν)
(
d
2
+ 3− [
√
2k]−
√
2
2
√∑r
i=1
(di + 2)2
)
(1.1.1)
> 0
2. Irreducibility
2.1. Formulation of the result. For P21, the projective plane blown up at one
point p1, Z. Ran shows in [Ran] that the variety of all irreducible nodal curves
C ∈ |dE0 − d1E1| having exactly k nodes, none of them lying on the exceptional
divisor E1, is irreducible. Using the smoothness of Virr(d; d1; k), one can easily de-
duce its irreducibility. The aim of this section is to prove the following irreducibility
criterion for Virr(d; d1, . . . , dr; k) (r ≥ 2):
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Theorem 2 (Irreducibility Theorem). Let r ≥ 2, and let the positive integers
d; d1, . . . , dr satisfy the two (irreducibility) conditions
[ √
2k
]
<
d
4
+ 1− 1
4
√√√√ r∑
i=1
d2i(2.1.1)
[ √
2k
]
<
d
2
+ 1−
√
2
2
√√√√ r∑
i=1
(di + 2)2 .(2.1.2)
Then Virr(d; d1, . . . , dr; k) is (smooth and) irreducible.
Let C ⊂ P2r be a reduced nodal curve, C ∈ |D|. If for each irreducible component
Cν ∈ |d(ν)E0 −
∑r
i=1 d
(ν)
i Ei| , 1 ≤ ν ≤ n, of C (having precisely k(ν) nodes) the va-
riety Virr(d
(ν); d
(ν)
1 , . . . , d
(ν)
r ; k(ν)) is smooth and irreducible, then V (|D|;C) is ir-
reducible.
The main idea of our proof is as follows. We show that for an irreducible curve
C ∈ |dE0 −
∑r
i=1 diEi| in an open dense subset V˜ ⊂ Virr(d; d1, . . . , dr; k) the co-
homology group H1(C,N Sing CC/P2r ) vanishes (cf. Section 1.2), especially, that the con-
ditions imposed by fixing the k singular points are independent. It follows that the
restricted morphism
piV˜ : V˜ −→ Symk(P2r)
C 7−→ SingC
is dominant, its fibres are all equidimensional and irreducible as open subsets of the
linear system H0(P2r ,Ker (O(dE0−
∑
diEi)→ T 1C,Sing C)). Hence V˜ is irreducible,
which implies the irreducibility of Virr(d; d1, . . . , dr; k). The second statement is
a consequence of the fact that for a fixed reduced nodal curve C as above, each
generic member C˜ of a component of V (|D|;C) decomposes into components C˜ν ,
1 ≤ ν ≤ n, which are generic elements of Virr(d(ν); d(ν)1 , . . . , d(ν)r ; k(ν)). Hence there
is a well–defined dominant morphism
n∏
ν=1
Uν −→ V (|D|;C)
where Uν is open dense in Virr(d
(ν); d
(ν)
1 , . . . , d
(ν)
r ; k(ν)).
2.2. Proof of the Irreducibility Theorem. We start the proof defining the
subset V˜ of Virr(d; d1, . . . , dr; k) as the set of all irreducible curves C in
Virr(d; d1, . . . , dr; k) having the subsequent properties:
(a) SingC ∩Ei = ∅ for i = 1, . . . , r.
(b) If E is an exceptional curve of degree e ≤ 2k then SingC ∩ E = ∅.
(c) The k nodes of C are in general position, that is, if H ∈ |hE0 −
∑r
i=1 hiEi|
is a curve containing SingC, Hν ∈ |h(ν)E0 −
∑r
i=1 h
(ν)
i Ei| is an irreducible
component of H , then h(ν)(h(ν)+ 3)/2 ≥ kν := #(SingC ∩Hν) .
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Remark 2.2.1. Condition (c) implies the existence of an irreducible curve among
all curves H ∈ |hE0 −
∑r
i=1 hiEi| of minimal degree containing SingC:
Assume a curve H = H1 ∪H2 ∪ H˜ of minimal degree h decomposes (h(1)≤ h(2)),
then we know that H1 ∪H2 contains at most
h(1)(h(1)+ 3)
2
+
h(2)(h(2)+ 3)
2
=
(h(1) + h(2)− 1)(h(1) + h(2)+ 2)
2
− h
(1)(h(2)− 2) + h(2)(h(1)− 2)
2
+ 1
nodes of C. The degree of H being minimal, we conclude that either h(1)= 1 or
h(1)= h(2)= 2. But in these cases, using the obvious constructions and Bertini’s
theorem, we can show the existence of an irreducible curve of degree h(1)+ h(2),
which contains the nodes of C lying on H1 ∪H2.
Lemma 2.2.2. V˜ ⊂ Virr(d; d1, . . . , dr; k) is an open dense subset.
Proof. The openess being obvious, it is enough to show that there are no obstruc-
tions for (locally) moving singular points of C ∈ Virr(d; d1, . . . , dr; k) in a pre-
scribed position (such that the conditions (a)–(c) are satisfied). Again, we divide
SingC = Σ1 ∪ Σ2 where Σ2 denotes the set of all nodes lying on the exceptional
divisors Ei (1 ≤ i ≤ r) and start moving nodes away from the exceptional divisors
(such that finally Σ2 = ∅):
Let z be a node of C on Ei0 , we have to show that for Σ0 := SingC − {z} the
cohomology group H1(C,NΣ0C/P2r ) vanishes: indeed, from the commutative diagram
0
↓
OP2r
↓
OP2r (C) −→ T 1C,Σ0 −→ 0
↓ ‖
0 −→ NΣ0C/P2r −→ NC/P2r −→ T
1
C,Σ0
−→ 0
↓
0
we can conclude the required surjectivity of H0(P2r,OP2r(C))→ H0(P2r , T 1C,Σ0) .
As above, we denote by H ∈ |hE0 −
∑r
i=1 hiEi| a curve of minimal degree
h ≤ [√2k ] passing through Σ1. There are two cases to consider:
Case 1 : {z} 6⊂ H
Define L to be the strict transform of a straight line L ⊂ P2 through pi0 with
tangent direction corresponding to z and denote J :=
{
j | {pj} ⊂ L
} ⊃ {i0} (the
genericity of the blown–up points implies that #J ≤ 2). Consider the curve
H˜ := H ∪ E1 ∪ . . . ∪ Er ∪ L ∈ |(h+ 1)E0 −
∑r
i=1(h˜i − 1)Ei|, where
h˜i :=
{
hi + 1
hi
for
i ∈ J
i /∈ J .
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Moreover, let C˜ ∼ dE0 −
∑r
i=1 d˜iEi with
d˜i := max
{
di, h˜i +
[
di
2
]
−−1
}
.
According to Proposition 1.2.1 we have three conditions, sufficient for the vanishing
of H1(C,NΣ0C/P2r ) : as above, the Hirschowitz–Criterion (1.2.2) together with (2.1.2)
guarantees the vanishing property (A). (B) follows in the same manner, because
√
(d−h+2)2
4
≥
d+2−
[√
2k
]
2
(2.1.2)
>
√∑r
i=1
(di+2)2
2
≥
√
1 +
∑r
i=1
(d˜i−h˜i+1)(d˜i−h˜i+2)
2
.
Finally, property (C) is an immediate consequence of Corollary 1.2.7, knowing that
for each exceptional divisor Ei (1 ≤ i ≤ r) we have
Ei · (C˜ − H˜ −KP2r)−#(SingC ∩Ei)
Be´zout≥ d˜i − (h˜i − 1) + 1−
[
di
2
]
> 0
and that for each irreducible component Hν ∈ |h(ν) −
∑r
i=1 h
(ν)
i Ei| of L ∪H
Hν · (C˜ − H˜ −KP2r)−#(SingC ∩Hν)
Be´zout≥ h(ν) (d−(h+1)+3)−
r∑
i=1
h
(ν)
i (d˜i−(h˜i−1)+1)−
[
h(ν)d−∑h(ν)i di
2
]
Cauchy
≥ h(ν)
(
d
2
+ 2− [
√
2k]
)
−
√∑r
i=1
(
h
(ν)
i
)2√∑r
i=1
(di + 2)2
4
(1.3.1)
≥ h(ν)
(
d
2
+ 2− [
√
2k]−
√
2
2
√∑r
i=1
(di + 2)2
)
(2.1.2)
> 0 .
Case 2 : {z} ⊂ H
In this case we can omit the additional component L in the definition of H˜ and,
proceeding as in case 1, we obtain again the vanishing of H1(C,NΣ0C/P2r ) .
Now, we can assume SingC = Σ1 (that is, there are no nodes of C on the excep-
tional divisors Ei) and we go on moving, subsequently, nodes away from exceptional
curves:
Assume E ∈ |eE0 −
∑r
i=1 eiEi| to be an irreducible curve satisfying
∑r
i=1 e
2
i > e
2 ,
let z ∈ Σ1 be a node of C on E and denote Σ0 := SingC − {z} . As above, we con-
struct a curve
H˜ := H ∪ L˜ ∈ |(h+ 1)E0 −
r∑
i=1
hiEi|
where L˜ 6⊂ H is a line in P2 containing none of the blown–up points such that
L˜ ∩ SingC = {z}. Moreover, we consider C˜ ∼ dE0 −
∑r
i=1 d˜iEi with
d˜i := max
{
di, hi +
[
di
2
]}
,
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and the above reasoning gives again H1(C,NΣ0C/P2r ) = 0 .
By Remark 1.3.2, we can end up with a curve C ∈ Virr(d; d1, . . . , dr; k) close to
the original one having properties (a) and (b). It remains to move the nodes in
general position to obtain a curve C ∈ V˜ :
Again, we choose a (not necessarily irreducible) curve H ∈ |hE0−
∑r
i=1 hiEi| of
minimal degree containing Σ1 = SingC . Assume H decomposes into irreducible
components Hν ∈ |h(ν)−
∑r
i=1 h
(ν)
i Ei| (1 ≤ ν ≤ s) and assume that there are more
than h(ν)(h(ν)+ 3)/2 + 1 nodes on one component Hν . We show that we can move
h(ν)(h(ν)+ 3)/2 + 1 of them in general position:
Define H˜ := H ∪G where G ∈ |gE0 −
∑r
i=1 giEi| is a curve not containing Hν
through the selected h(ν)(h(ν)+ 3)/2 + 1 nodes. Such a curve exists for each g
satisfying
g(g + 3)
2
−
(
h(ν)(h(ν)+ 3)
2
+ 1
)
>
(g − h(ν))(g − h(ν) + 3)
2
(the right–hand side is the dimension of the linear system of curves containing
Hν). Hence, we can suppose g = h
(ν)+ 2 , and h(ν)(h(ν)+ 3)/2 + 1 ≤ k implies
h(ν) ≤ [√2k]− 1 . Proceeding as before, we have to prove the vanishing of
H1(P2r,OP2r(C − H˜)) respectively H1(H˜, N˜Σ0H˜/P2r) . The first is an immediate conse-
quence of the Hirschowitz–Criterion (1.2.2), because√
(d−h−g+3)2
4
≥ d−2[
√
2k]+2
2
(2.1.2)
>
√∑r
i=1
(di+2)2
2
≥
√
1+
∑r
i=1
(di−hi−gi)(di−hi−gi+1)
2
while the second results from Corollary 1.2.7, knowing that Hν (1 ≤ ν ≤ s) and
the components of G are no exceptional curves:
Hν · (C − H˜ −KP2r)−#(SingC ∩Hν)
Be´zout≥ h(ν) (d−h−g+3)−
r∑
i=1
h
(ν)
i (di−hi−gi+1)−
[
h(ν)d−∑ri=1 h(ν)i di
2
]
Cauchy
≥ h(ν)
(
d
2
+ 2− 2[
√
2k]−
√∑r
i=1 d
2
i
2
)
(2.1.1)
> 0
and the same holds for each irreducible component Gν of G in place of Hν .
Lemma 2.2.3. Let C ∈ V˜ , then H1(C,N Sing CC/P2r ) = 0 .
Proof. By Remark 2.2.1, we can choose an irreducible curve
H ∈ |hE0 −
∑r
i=1 hiEi| of degree h = [
√
2k] through all nodes of C. More-
over, there is a curve G 6⊃ H , G ∈ |gE0 −
∑r
i=1 giEi|, such that SingC ⊂ G ∩H,
for each g satisfying
g(g + 3)
2
− k > (g − h)(g − h+ 3)
2
,
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hence, especially for g = h+ 1 . Let H˜ := H ∪G. Applying proposition 1.2.1 as
before, we conclude the vanishing ofH1(C,N Sing CC/P2r ) . Indeed, the above inequalities
hold again, since neither H nor the irreducible components Gν of G are exceptional
curves.
3. Existence
3.1. Formulation of the result. We shall treat the problem of the existence of
nodal curves in P2r for r ≤ 9 and r ≥ 10 separately. If r ≤ 9, Theorems 3 and 4
will give the complete answer, while for r ≥ 10, we obtain an asymptotically nearly
optimal sufficient criterion (Theorem 5).
Theorem 3 (Existence Theorem A). Let r = 1 then Virr(d; d1; k) 6= ∅ if and only
if (d1 ≤ d−1 or d = d1 = 1) and
0 ≤ k ≤ (d− 1)(d− 2)− d1(d1 − 1)
2
.
Let r = 2 and d, d1, d2 be positive integers then Virr(d; d1, d2; k) 6= ∅ if and only if
0 ≤ k ≤ (d− 1)(d− 2)− d1(d1 − 1)− d2(d2 − 1)
2
and either (d1 + d2 ≤ d) or (d = d1 = d2 = 1).
Let 3 ≤ r ≤ 9, then we define two (r+1)–tuples (d; d1, . . . , dr) and (d˜; d˜1, . . . , d˜r) of
non–negative integers to be equivalent, if there is a finite sequence of Cremona maps
and a permutation σ transforming (d; d1, . . . , dr) to (d˜; d˜σ(1), . . . , d˜σ(r)) . Here, by
a Cremona map, we denote a mapping
Σj,m,n : Z
r+1 −→ Zr+1
(d; d1, . . . , dr) 7→ (d′; d′1, . . . , d′r)
with d′ = 2d− dj − dm − dn , d′i = di for each i 6∈ {j,m, n},
d′j = d− dm − dn , d′m = d− dj − dn and d′n = d− dj − dm .
Such a Cremona map corresponds to the standard Cremona transformation in P2
inducing the base change in Pic(P2r):

E′0 = 2E0 − Ej − Em − En
E′j = E0 − Em − En
E′m = E0 − Ej − En
E′n = E0 − Ej − Em
E′i = Ei for each i 6∈ {j,m, n}.
(3.1.1)
Due to the generality of the blown–up points, such a transformation maps
generic elements in Virr(d; d1, . . . , dr; k) to elements in Virr(d
′; d′1, . . . , d
′
r; k) sup-
posing d, d′, di, d
′
i (1 ≤ i ≤ r) to be non–negative. Since Virr(d; d1, . . . , dr; k)
is smooth, we deduce that its non–emptyness is equivalent to the existence
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of a curve in Virr(d
′; d′1, . . . , d
′
r; k). An (ordered) tuple (d; d1, . . . , dr) ∈ Nr+1,
d1 ≥ d2 ≥ . . . ≥ dr, is called minimal, if it satisfies the (minimality) condition
max
#{j,m,n}=3
(dj+dm+dn) = d1 + d2 + d3 ≤ d.(3.1.2)
Theorem 4 (Existence Theorem B). Let 3 ≤ r ≤ 9 and positive integers
d ≥ d1 ≥ . . . ≥ dr satisfy the conditions
r∑
i=1
di ≤ 3d− 1(3.1.3)
r∑
i=1
di(di − 1) ≤ (d− 1)(d− 2)(3.1.4)
then Virr(d; d1, . . . , dr; k) 6= ∅ if and only if
0 ≤ k ≤ (d−1)(d−2)
2
−
r∑
i=1
di(di − 1)
2
and (d; d1, . . . , dr) is equivalent to a minimal tuple (d˜; d˜1, . . . , d˜r) of non–negative
integers or to the tuple (1; 1, 1, 0, . . . , 0).
Remark 3.1.5.
(A) Condition (3.1.3) is necessary in the following sense. By Be´zout’s Theorem
and the generality of the blown–up points, the only type of an irreducible
curve not satisfying (3.1.3) is the smooth cubic through the 9 generic points.
(B) For 3 ≤ r ≤ 8 the tuple (d; d1, . . . , dr) is equivalent to a minimal one exactly
if the following conditions are satisfied
d ≥ d1 + d2
2d ≥ d1 + d2 + d3 + d4 + d5
3d ≥ 2d1 + d2 + d3 + d4 + d5 + d6 + d7
4d ≥ 2d1 + 2d2 + 2d3 + d4 + d5 + d6 + d7 + d8
5d ≥ 2d1 + 2d2 + 2d3 + 2d4 + 2d5 + 2d6 + d7 + d8
6d ≥ 3d1 + 2d2 + 2d3 + 2d4 + 2d5 + 2d6 + 2d7 + 2d8
(C) The exceptional case (d; d1, . . . , dr) ∼ (1; 1, 1, 0, . . . , 0) corresponds exactly to
the exceptional curves with data
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(2; 1, 1, 1, 1, 1) the conic through 5 of the generic points
(3; 2, 1, 1, 1, 1, 1, 1) the cubic through 7 of the generic points having
a node at one of them
(4; 2, 2, 2, 1, 1, 1, 1, 1) the quartic through 8 generic points having nodes
at three of them
(5; 2, 2, 2, 2, 2, 2, 1, 1) the quintic through all 8 generic points having
nodes at 6 of them
(6; 3, 2, 2, 2, 2, 2, 2, 2) the sixtic having nodes at 7 of the generic points
and a triple point at the remaining one
For the proof, using Cremona transformations, we already saw that we can reduce
the existence problem to the case of minimal data. Due to the independence of
node smoothings in the case r ≤ 9, it will then be enough to construct only rational
curves, i.e. with
k =
(d− 1)(d− 2)
2
−
r∑
i=1
di(di − 1)
2
nodes, in case (3.1.3), (3.1.4) and the minimality condition (3.1.2) are satisfied.
Theorem 5 (Existence Theorem C). Let r ≥ 10, and let the positive integers
d, d′; d1, . . . , dr satisfy d ≥ d′ and
d′
2
+ 6d′ − 1
4
−
[
d′
2
]
>
r∑
i=1
di(di + 1)
2
.(3.1.6)
Then for any integer k such that
0 ≤ k ≤ (d−1)(d−2)
2
− d
′(d′−1)
2
,(3.1.7)
there exists a reduced irreducible curve C in the linear system |dE0 −
∑r
i=1 diEi|
on P2r, having k nodes as its only singularities, that is, Virr(d; d1, . . . , dr; k) 6= ∅.
We prove this in two steps: first, we shall prove the existence of a non–singular curve
in such linear systems on P2r by means of some modification of the Hirschowitz–
criterion (1.2.2), afterwards, we obtain the required nodal curves by a suitable
deformation of the union of the previous curve with generic straight lines.
Corollary 3.1.8. If r ≥ 10 and positive integers d; d1, . . . , dr satisfy
d ≥
√
2
√√√√ r∑
i=1
di(di + 1) ,
then, for any non–negative integer
k ≤ (d−1)(d−2)
2
−
r∑
i=1
di(di + 1) ,
Virr(d; d1, . . . , dr; k) 6= ∅.
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This easily follows from Theorem 5, because d′ :=
√
2
√∑r
i=1 di(di + 1) satisfies
d′
2
+ 6d′ − 1
4
− d
′
2
>
r∑
i=1
di(di + 1)
2
.
3.2. Existence of nodal curves on P2r, r ≤ 9. As mentioned before, we can
restrict to minimal tuples (d; d1, . . . , dr) and construct only rational curves. In the
case r ≤ 8 the statement is, probably, known. Nevertheless, we provide here both,
the proof for r ≤ 8 and r = 9.
3.2.1. Assume that r = 1. Clearly, Be´zout’s Theorem implies d1 ≤ d−1 for all
curves C ∈ Virr(d; d1; k), which are not the strict transform of a line in P2 through
p1. We take the union of d1 distinct straight lines in P
2 through p1 and d− d1
more generic straight lines in P2, lift this curve to P21 and get a reduced curve in
the linear system |dE0 − d1E1| with
(d−d1)(d−d1−1)
2
+ d1(d−d1) = (d−1)(d−2)
2
− d1(d1−1)
2
+ d−1
nodes. After smoothing d− 1 intersection points, we obtain the desired irreducible
rational curve.
3.2.2. Assume that r = 2. Again, by Be´zout’s Theorem, d1 + d2 ≤ d with the ex-
ception of the strict transform of the line through p1 and p2. We consider in P
2 the
union of d1 distinct straight lines through p1, d2 distinct straight lines through p2
and d− d1 − d2 additional generic straight lines. The strict transform in P22 of this
curve is a reduced curve in the linear system |dE0 − d1E1 − d2E2| with
d1d2 + (d1+d2)(d−d1−d2) + (d−d1−d2)(d−d1−d2−1)
2
=
(d−1)(d−2)
2
− d1(d1−1)
2
−−d2(d2−1)
2
+ d−1
nodes. Again one smooths d− 1 nodes to obtain an irreducible rational curve.
3.2.3. Assume that r = 3. Due to the minimality condition (3.1.2), we can proceed
as follows: in the plane we choose the union of di distinct straight lines through pi,
i = 1, 2, 3, and d− d1 − d2 − d3 generic straight lines. After smoothing d− 1 nodes
of its strict transform in P23, as above, we end up with the desired rational nodal
curve.
3.2.4. Assume that r = 4. By induction on d, we shall show that the minimality
condition (3.1.2) is sufficient for the existence of a rational irreducible (nodal) curve
in |dE0 −
∑4
i=1 diEi|. In case d ≤ 4 the only tuples which are not covered by the
(preceding) cases (r ≤ 3) are (d; 1, 1, 1, 1), d ∈ {3, 4}, and (4; 2, 1, 1, 1), hence the
statement is trivial. If d ≥ 5 we have
max
#{j,m,n}=3
((dj−1) + (dm−1) + (dn−1)) ≤ d− 2
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thus, by the induction assumption, there is an irreducible rational (nodal) curve C
in the linear system |(d−2)E0 −
∑4
i=1(di−1)Ei|. As is well–known (cf. e.g.[Wae]),
a generic (smooth rational) curve C′ in the one–dimensional base–point–free linear
system |2E0 −
∑4
i=1 Ei| intersects C transversally. Finally, smoothing one inter-
section point in the union of C and C′ completes the induction step.
3.2.5. Assume that r = 5. We can proceed as in the case r = 4 with the only ex-
ception that in the induction step C will be an irreducible rational nodal curve
in |(d−2)E0 − d1E1 −
∑5
i=2(di−1)Ei|, and C′ has to be chosen as a generic
smooth curve in |2E0 −
∑5
i=2Ei|. Thereby, obviously, we have to treat the case
(d; d1, . . . , d5) = (d; d−2, 1, 1, 1, 1) separately, because there is no irreducible curve
in the linear system |(d−2)E0 − (d−2)E1|. In this case, we have to choose C as
the union of d− 2 generic lines through p1 and to smooth d− 2 intersection points
of C and C′.
3.2.6. Assume that r = 6. Again, we construct inductively irreducible rational
(nodal) curves only supposing that (3.1.2) holds. First, we consider separately the
case d1 = . . . = d6 = 1, where in the induction step a generic line has to be added
(and one intersection point smoothed). Then, supposing d1 ≥ 2, in case d ≤ 4 the
only (additionally) possible tuple is (4; 2, 1, 1, 1, 1, 1), where the statement is trivial.
For the induction step, we know, that
max {(d1−2) + (d2−1) + (d3−1), (d2−1) + (d3−1) + (d4−1)} ≤ d− 3 .
Thereby, we can construct the desired curve by smoothing one intersection point
in the union of an irreducible nodal rational curve
C ∈ |(d−3)E0 − (d1−2)E1 −
6∑
i=2
(di−1)Ei|
and a generic curve in the one–dimensional (base–point–free) linear system
|3E0 − 2E1 − E2 − E3 − E4 − E5 − E6| .
3.2.7. Assume that r = 7. Changing (d; d1, . . . , dr) to (d−3; d1−1, . . . , d7−1)
leaves the minimality condition intact. Hence, in the induction step (d ≥ 5), we
consider the family F of curves C ∪ C′, where C is a generic rational nodal curve
in
|(d−3)E0 −
7∑
i=1
(di−1)Ei|
and C′ is a generic rational nodal curve in |3E0 − E1 − . . .− E7|. First, we
consider the only case where C cannot be supposed to be irreducible, namely
(d; d1, . . . , d7) = (d; d−2, 1, 1, 1, 1, 1, 1). In this situation, we proceed as in case
r = 5, take C as the union of d− 3 generic lines through p1 and smooth d− 3 in-
tersection points of C and C′. Now, we assume C to be irreducible. If d = 5, then
C is a generic curve in one of the following base–point–free linear systems
|2E0| , |2E0 − E1| , |2E0 − E1 − E2| ,
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whence a generic member of F turns out to be a nodal curve. It remains to prove
that for d ≥ 6 a generic member C˜ of the family F is a nodal curve. Indeed, for the
canonical divisor KP2
7
we have (KP2
7
· C) < 0 and (KP2
7
· C′) < 0, hence by ([Nob],
Theorem 3.10)
dim F =
(
(d−3)d
2
− (d−4)(d−5)
2
−−
7∑
i=1
(di−1)
)
+
(
3 · 6
2
− 1− 7
)
+ 1
=
(
d(d+ 3)
2
−
7∑
i=1
di(di+1)
2
)
−
(
(d−1)(d−2)
2
−
7∑
i=1
di(di−1)
2
)
= dim |C˜| −∆
where ∆ denotes the “virtual” number of nodes of C˜. On the other hand, the
family of rational curves in |3E0 − E1 − . . .− E7| has no base point. Hence, the
only possibility for a non–nodal singularity of C˜ is a tangency point of C, C′ with
smooth branches. But (KP2
7
· C′) = −2 < −1 and applying ([Nob], Theorem 3.12),
in this case we would have had
dim F < dim |C˜| −∆ .
Finally, smoothing one node in C˜ we get the desired curve.
3.2.8. Assume that r = 8. Once again, the case d ≤ 4 is trivial and we suppose
d ≥ 5. In the induction step, we proceed as in the case r = 7: We define F to be
the family of curves C ∪ C′, where C is a generic rational nodal curve in
|(d−3)E0 −
8∑
i=1
(di−1)Ei|
and C′ is a generic rational nodal curve in |3E0 − E1 − . . .− E8|. In the case
(d; d1, . . . , d8) = (d; d−2, 1, 1, 1, 1, 1, 1, 1), we can repeat the above construction
completely. Hence, by the induction assumption, we can assume C to be irre-
ducible. If d = 5, as in the case r = 7, a generic member C˜ of F is a nodal curve.
If d = 6 C, C′ can be chosen as the strict transforms of two distinct (irreducible)
plane rational cubics through 8 generic points, hence C ∪C′ is nodal. Let d ≥ 7.
Since the minimality condition implies
(KP2
8
· C) = −3(d− 3) +
8∑
i=1
(di − 1) ≤ −3d+ 1 +
[
8
3
d
]
< −1 ,
by ([Nob], Theorem 3.10), for dimension reasons the family of rational nodal
curves C ∈ |(d−3)E0 −
∑8
i=1(di−1)Ei| cannot have base points. Hereby, again,
the only possibility for a non–nodal singularity of C˜ is a tangency point with smooth
branches. Counting dimensions as above, we see that such a singularity may not
occur, and we complete the construction as before.
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3.2.9. Assume that r = 9. By condition (3.1.3) we have only to consider curves of
degree d ≥ 4. We split the induction step into three parts depending on the shape
of d:
If d = 3m+ 2, m ≥ 1, then the minimality condition (3.1.2) implies
9∑
i=1
di ≤ 3d− 3 and (d1 > d3 or d1 + d2 + d3 ≤ d− 1).
In each case, changing (d; d1, . . . , d9) to (d−1; d1−1, d2, . . . , d9) preserves both,
(3.1.3) and the minimality condition. Hence, we can assume the existence of an
irreducible rational nodal curve C in the linear system
|(d−1)E0 − (d1−1)E1 −
9∑
i=2
diEi| .
Adding a generic line through p1 and smoothing one intersection point, we obtain
the desired curve.
If d = 3m+ 1, m ≥ 1, the only case where we have to use another construction is
(d; d1, d2, . . . , d9) = (3m+ 1;m+ 1,m, . . . ,m) .
We shall apply the following lemma, which will be proven at the end of this section:
Lemma 3.2.10. Let Lij be the (unique) line in the linear system |E0 − Ei − Ej |,
1 ≤ i < j ≤ 9. For any m ≥ 1 there exists an irreducible rational nodal curve
Fm ∈ |3mE0 −mE1 − . . .−mE8 − (m−1)E9| ,
which meets every line Lij, 1 ≤ i < j ≤ 9, transversally and only at non–singular
points.
Taking the curve Fm from this lemma and applying the base change (3.1.1) in
Pic(P29) with (j,m, n) = (1, 2, 9), one easily sees that Fm belongs to the linear sys-
tem
|(3m+ 1)E′0 − (m+ 1)E′1 − (m+ 1)E′2 −mE3 − . . .−mE8 −mE′9| ,
and is transversal to E′2 = L19. Hence, we get the desired irreducible rational nodal
curve in
|(3m+ 1)E′0 − (m+ 1)E′1 −mE′2 −mE3 − . . .−mE8 −mE′9| ,
by smoothing one intersection point of the nodal curve Fm ∪ E′2.
If d = 3m, then we have to consider three possibilities
• d1 + d2 + d3 ≤ d− 1
• d1 > d3 and d1 + . . .+ d9 ≤ 3d− 3
• (3m;m,m,m, d4, . . . , d9), where m ≥ d4 ≥ . . . ≥ d9, d9 ≤ m− 1
Clearly, to get the latter curves, it is enough to prove Lemma 3.2.10. In the first
two cases we can proceed as in the situation d = 3m+ 2.
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Proof of Lemma 3.2.10. We divide our reasoning into several steps.
Step 1. First, we shall show the following. There is a hypersurface S ⊂ (P2)9 such
that on the surface P2(p1, . . . , p9) (which is the plane blown up at p1, . . . , p9) the
linear system
|3mE0 − (m+1)E1 −mE2 − . . .−mE8 − (m−1)E9|(3.2.11)
is non–empty if and only if (p1, . . . , p9) ∈ S.
Indeed, applying successively the base change (3.1.1) with
(j,m, n) = (1, 2, 3), (4, 5, 6), (7, 8, 9),(3.2.12)
respectively, we transform the system (3.2.11) into the system
|3(m−1)E′0 −mE′1 − (m−1)E′2 − . . .− (m−1)E′8 − (m−2)E′9| .
After m−1 such steps we end up with a system of type
|3E′0 − 2E′1 − E′2 − . . .− E′8|
whose non–emptiness, evidently, imposes one condition on the nine blown–up
points. Namely, in the latter representation the condition means that the blown–up
points p′2, . . . , p
′
8 are distinct points on a plane cubic C3 with a singularity at p
′
1.
On the other hand, choosing an irreducible cubic C3 with a singularity at a point p
′
1,
arbitrary distinct points p′2, . . . , p
′
8 on C3, and p
′
9 6∈ C3, the inverse process gives us
an irreducible curve in the system (3.2.11), which is unique by Be´zout’s Theorem.
Step 2. In the previous notation, let us specialize the points p′1, p
′
4, p
′
9 on a line
L′ ⊂ P2. Applying the base change (3.2.12) in the inverse order to P2(p′1, . . . , p′9)
and blowing down the new exceptional curves, we obtain an irreducible plane sex-
tic curve with a triple point p′′1 , double points p
′′
2 , . . . , p
′′
8 and a non–singular point
p′′9 . Since the applied operation is a composition of three Cremona transforma-
tions of P2 with the fundamental points (p′7, p
′
8, p
′
9),(p
′
4, p
′
5, p
′
6),(p
′
1, p
′
2, p
′
3), respec-
tively, the points p′′1 , p
′′
4 , p
′′
9 lie on a straight line L
′′ ⊂ P2, which corresponds to the
strict transform of L′. We continue in such a manner until we get an irreducible
plane curve C3m(p) of degree 3m with an (m+1)–fold point p1, m–fold points
p2, . . . , p8 and an (m−1)–fold point p9, such that p1, p4, p9 lie on a straight line
L. By Be´zout’s Theorem, L meets C3m(p) transversally at p1, p4, p9. Now, fixing
p′i, i 6= 4, we vary the point p′4 along C3. The above construction will give us a
one–parametric family of sets {p1, . . . , p9}, thereby a one–parametric (continuous)
family of curves C3m(p1, . . . , p9). Generically, the line L will split into three lines
(p1p4), (p4p9), (p1p9), which intersect C3m(p) transversally.
Varying the numbering of p′2, . . . , p
′
8, respectively repeating the previous reasoning
with the initial specialization of the points p′2, p
′
5, p
′
8 on a straight line, we obtain, fi-
nally, that for a generic element p = (p1, . . . , p9) ∈ S, the strict transform of C3m(p)
intersects each Lij , 1 ≤ i < j ≤ 9 transversally. Since the base change simply inter-
changes lines Lij with exceptional divisors Es, we can claim that the intersection
with each exceptional divisor E1, . . . , E9 is transversal as well.
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Step 3. The previous statement means, in particular, that for a generic p ∈ S the
curve C3m(p) ⊂ P2 has nine ordinary multiple points and meets every line (pipj)
transversally. Let us denote by G the germ at C3m(p) of the family of plane ra-
tional curves of degree 3m, having ordinary singular points in a neighbourhood of
p2, . . . , p9 with the same multiplicities m, . . . ,m,m− 1, respectively, and having
a point of multiplicity at least m in a neighbourhood U of p1. Clearly, G is the
intersection of a germ Σ1 of the equisingular stratum in |OP2(3m)|, corresponding
to the ordinary singular points p2, . . . , p9, and a germ Σ2 of the following family
of curves of degree 3m. A curve in Σ2 has a point of multiplicity at least m in a
neighbourhood U of p1 and the sum of σ–invariants in U is equal to
1
2 (m+1)m. It
is not difficult to see that Σ2 is the union of m+1 smooth germs, such that their
intersection Σ3 consists of curves having an ordinary (m+1)–fold point in U , and
a curve in Σ2 \ Σ3 has in U an ordinary m–fold point and m nodes (geometrically,
such a deformation looks as if one of the local branches of C3m(p) at p1 moves away
from the multiple point). The classical smoothness criteria say that Σ1 is smooth,
and
codim|O
P2
(3m)|Σ1 ≤ 7
(
(m+1)m
2
− 2
)
+
(
m(m−1)
2
− 2
)
= 4m2 + 3m− 16 .
Since, evidently,
codim|O
P2
(3m)|Σ2 ≤ (m+1)m
2
− 2 +m = m
2
2
+
3m
2
− 2 ,
we obtain
codim|O
P2
(3m)|G ≤ 9m
2
2
+
9m
2
− 18 .
On the other hand, we have
dim (Σ1 ∩ Σ3) = dim S = 17 < 18 ≤ dim (Σ1 ∩ Σ2) .
That means, there exists a rational plane curve of degree 3m with 8 ordinarym–fold
points, one ordinary (m−1)–fold point and, additionally, m nodes. Moreover, this
curve intersects transversally with a straight line through any two of the 9 multiple
points. Blowing up these 9 points, we get the desired curve Fm ⊂ P29.
3.3. Plane curves with generic multiple points. It will be convenient for us
to deal here with plane curves having ordinary multiple points instead of non–
singular curves on the blown–up plane. For abuse of language, we shall use the
notation: given an ordered set p = {p1, . . . , pr} of distinct points in P2 and an
integral vector d = (d1, . . . , dr), by Sd(p, d) we shall denote the set of reduced ir-
reducible curves of degree d which have ordinary singular points at p1, . . . , pr of
multiplicities d1, . . . , dr, respectively, as their only singularities.
Lemma 3.3.1. Let p1, . . . , pr, r ≥ 1, be distinct generic points in P2. Then, for
any positive integers d; d1, . . . , dr satisfying
d2 + 6d− 1
4
−
[
d
2
]
>
r∑
i=1
di(di + 1)
2
,(3.3.2)
there exists a curve Fd ∈ Sd(p, d).
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Proof. Following [Hir], we shall prove a more general statement. Let I be a subset
in {1, . . . , r}, let the points pi, i ∈ I, lie on a straight line G, and let the points pi,
i 6∈ I, be in general position outside G. If condition (3.3.2) and∑
i∈I
di ≤ d
hold, then there exists a curve Fd ∈ Sd(p, d), which is transversal to the line G.
We shall use induction on d. If d = 2 then (3.3.2) reads 2 ≥ ∑ri=1 di(di + 1)/2,
so the only possibilities are: (r=1, d1=1) or (r=2, d1=d2=1), when the required
curves do exist. Assume d ≥ 3.
Step 1: Assume that I = {1, . . . , r}, ∑ri=1 di ≤ d .
If r = 1 then, by (3.3.2), d1< d, hence one obtains the equation of the desired curve
in the form
F (x, y) :=
∑
d1≤i+j≤d
Aijx
iyj ,
with p1 = (0, 0) and generic coefficients Aij . If r > 1 then one can obtain the desired
curve as a generic member of the linear family of all curves with equations
λ′C′
r∏
i=1
di∏
j=1
L′ij + λ
′′C′′
r∏
i=1
di∏
j=1
L′′ij , (λ
′, λ′′) ∈ P1 ,
where for any 1 ≤ i ≤ r, we take distinct generic straight lines L′ij , L′′ij through pi,
1 ≤ j ≤ di, and C′, C′′ are distinct generic curves of degree d−
∑r
i=1 di.
Step 2: Assume that
∑r
i=1 di > d and
d+2
2 ≤
∑
i∈I di ≤ d .
Put d˜ := (d˜1, . . . , d˜r), where d˜i = di − 1, i ∈ I, and d˜i = di, i 6∈ I. Then
r∑
i=1
d˜i(d˜i+1)
2
=
r∑
i=1
di(di+1)
2
−
∑
i∈I
di
(3.3.2)
<
d2+6d−1
4
−
[
d
2
]
− d+2
2
≤ (d−1)
2 + 6(d−1)− 1
4
−
[
d−1
2
]
,(3.3.3)
hence, by the induction assumption, there exists a curve Fd−1 ∈ Sd−1(p, d˜),
transversal to the line G. Put q := d−∑i∈I di and fix q+1 distinct generic points
z1, . . . , zq+1 on G outside Fd−1. Since∑
i∈I
di + q + 1 = d+ 1 ,
we have
r∑
i=1
di(di + 1)
2
+ q + 1 <
d2+6d−1
4
−
[
d
2
]
+ (d+1−
∑
i∈I
di)
≤ d
2+6d−1
4
−
[
d
2
]
+
d
2
≤
[
(d+3)2
4
]
,
and, according to the Hirschowitz–Criterion (1.2.2),
h1(P2,J (d)) = 0
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where J ⊂ OP2 is the ideal sheaf defined by
Jpi = (mpi)di , i = 1, . . . , r , Jzj = mzj , j = 1, . . . , q + 1 .
That means,
h0(P2,J (d)) = h0(P2,OP2(d))−
r∑
i=1
dimOP2,pi/(mpi)di −
q+1∑
j=1
dimOP2,zj/mzj
=
(d+1)(d+2)
2
−
r∑
i=1
di(di+1)
2
− q − 1 ,
or, in other words, the
m :=
r∑
i=1
di(di+1)
2
+ q + 1
linear conditions on curves of degree d, imposed by the multiple points
p1, . . . , pr, z1, . . . , zq+1 are independent. We write these conditions as linear equa-
tions Λj(F ) = 0, 1 ≤ j ≤ m, in the coefficients of a curve F of degree d, such that
Λm(F ) = 0 expresses the passage of F through zq+1. Due to the above indepen-
dence, we find a curve F ∈ H0(OP2(d)) satisfying
Λ1(F ) = . . . = Λm−1(F ) = 0 , Λm(F ) = 1 .
Let us consider the linear family λFd−1G+ µF , (λ, µ) ∈ P1. By Bertini’s Theorem
and by the construction of Fd−1 and F , the generic member Fλ,µ of this family is
irreducible and belongs to Sd(p, d). The only thing we should show, is the transver-
sality of Fλ,µ and G. By construction, Fλ,µ has multiplicities di at pi, i ∈ I, respec-
tively, and contains q = d−∑i∈I di extra points z1, . . . , zq on G, hence, clearly,
Fλ,µ and G meet transversally.
Step 3: Assume that
∑r
i=1 di > d , d1 ≥ d+22 and
∑
i∈I di ≤ d+12 .
Define d˜ := (d1 − 1, d2, . . . , dr). As is (3.3.3), we obtain
r∑
i=1
d˜i(d˜i+1)
2
<
(d−1)2 + 6(d−1)− 1
4
−
[
d−1
2
]
,
hence, there exists a curve Fd−1 ∈ Sd−1(p, d˜), transversal to G. Note that
dimSd−1(p, d˜) ≥ (d−1)(d+2)
2
− (d1−1)d1
2
−
r∑
i=2
di(di+1)
2
>
(d−1)(d+2)
2
− (d−1)
2 + 6(d−1)− 1
4
+
[
d−1
2
]
=
d2 − 2d+ 2
4
+
[
d−1
2
]
≥ 2 ,
as d ≥ 3. Therefore we find a curve F˜d−1 ∈ Sd−1(p, d˜), linearly independent of Fd−1.
Consider the linear family
λFd−1L+ µF˜d−1L˜ , (λ, µ) ∈ P1 ,
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where L, L˜ are distinct generic straight lines through p1. Then, by Bertini’s The-
orem a generic member of this family is irreducible, belongs to Sd(p, d) and is
transversal to G.
Step 4: Assume that d is odd and
∑
i∈I di =
d+1
2 = dm := max {di | i 6∈ I } .
First, we show that #(I) > 1. Indeed, otherwise, we had
0
(3.3.2)
<
d2+6d−1
4
− d−1
2
−−d+1
2
(
d+1
2
+ 1
)
= −1
2
.
Choose j 6= k ∈ I. Since dm+min {dj , dk} ≥ d+22 and dm+max {dj, dk} ≤ d ,
once again as in (3.3.3), we obtain for
d˜ = (d˜1, . . . , d˜r) , d˜i := di for i 6∈ {m, j} , d˜i := di−1 for i ∈ {m, j}
d˜′= (d˜′1, . . . , d˜
′
r) , d˜
′
i := di for i 6∈ {m, k} , d˜′i := di−1 for i ∈ {m, k}
the existence of curves F˜d−1 ∈ Sd−1(p, d˜ ), F˜ ′d−1 ∈ Sd−1(p, d˜′), transversal to G.
Let G˜ be the straight line through pm, pj , and G˜′ be the straight line through pm,
pk. Consider the linear family
λ˜F˜d−1G˜+ λ˜′F˜
′
d−1G˜′, (λ˜, λ˜′) ∈ P1 .
By Bertini’s Theorem, a generic member F of this family has the only singular
points p1, . . . , pr of multiplicities d1, . . . , dr, respectively, and is transversal to G.
Since F˜d−1G˜ has ordinary singularities at pi, i 6∈ {j,m}, and F˜ ′d−1G˜′ has ordinary
singularities at pi, i 6∈ {k,m}, F has ordinary singularities at pi, i 6= m. At the
point pm, the curve F˜d−1G˜ has at most one multiple tangent, which should coincide
with G˜, on the other hand F˜ ′d−1G˜′ has at most one multiple tangent, which should
coincide with G˜′ 6= G˜. Therefore, F has no multiple tangent at pm. Finally we have
to show that F is irreducible, but this follows immediately from Bertini’s Theorem:
indeed, the only possibility for F to be reducible is F = Fd−1L, where Fd−1 is an
irreducible curve of degree d−1 and L is a straight line, which must vary from
G˜ to G˜′ as (λ˜, λ˜′) runs through P1, which is impossible, because Fd−1 must have
multiplicity dj at pj and multiplicity dk at pk, while F˜d−1 has multiplicity dj − 1
at pj .
Step 5: Assume that
∑r
i=1 di > d ,
∑
i∈I di ≤ min { d+12 , d−dm} and dm ≤ d+12 .
(Again, dm denotes max {di | i 6∈ I}.) In this case, we specialize the point pm to a
generic point in G \ {pi | i ∈ I}, and we end up with one of the cases 2–5.
Finally, consider for each r–tuple (p1, . . . , pr) of points in P
2 the non–empty linear
system of curves with multiplicity at least di at pi (1 ≤ i ≤ r). Then in each of the
occurring cases the Hirschowitz criterion (1.2.2) implies the non–speciality. Hence
such linear systems are equidimensional and give an irreducible variety. But the
condition to be irreducible with only given non–degenerate multiple points is open
(it is described by inequalities); hence the existence of such a curve in a more special
situation (as considered above) implies the existence in the original situation.
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3.4. Construction of nodal curves. Given k, d, d′, d1, . . . , dr satisfying condi-
tions (3.1.6) and (3.1.7), we shall construct a reduced irreducible plane curve of
degree d with ordinary singular points p1, . . . , pr of multiplicities d1, . . . , dr, re-
spectively, and with k additional nodes as its only singularities.
Let us fix distinct generic points p1, . . . , pr ∈ P2, take an irreducible curve
Φ ∈ Sd′(p, d), and put
F := Φ
d−d′∏
i=1
Li ,
where L1, . . . , Ld−d′ are distinct generic straight lines. This curve F has or-
dinary singular points p1, . . . , pr of multiplicities d1, . . . , dr, respectively, and
m := d(d− 1)/2− d′(d′ − 1)/2 nodes z1, . . . , zm as its only singularities. We shall
show that it is possible to smooth prescribed nodes keeping the given ordinary
singularities and the rest of nodes, and thus prove Theorem 5.
As we have seen above, we can deduce the required independence of the deforma-
tions of the nodes from
H1(F,N ′F/P2) = 0 ,(3.4.1)
N ′F/P2 := Ker (NF/P2 → TF ) , where TF denotes the skyscraper sheaf on P2 concen-
trated at p1, . . . , pr, z1, . . . , zm defined by
TF,pi := OP2,pi/(mpi)di , 1 ≤ i ≤ r , TF,zj := OP2,zj/mzj , 1 ≤ j ≤ m.
We prove (3.4.1) by induction on d. If d = d′, then the vanishing of H1(F,N ′F/P2)
is provided by the Hirschowitz–Criterion (1.2.2), because (3.1.6) implies[
(d′+ 3)2
4
]
>
r∑
i=1
di(di + 1)
2
.
Assume that d > d′. Then denote
F˜ := Φ
d−d′−1∏
i=1
Li ,
that is, F = F˜Ld−d′. Let F˜ ∩ Ld−d′ := {z1, . . . zl}, then TF˜ denotes the restriction
of TF on {p1, . . . , pr, zl+1, . . . , zm}. Consider the exact sequence
0 −→ OF˜ (d− 1)⊕OLd−d′ (1)
α−→ OF (d) −→ OF˜∩Ld−d′ −→ 0
‖ ‖
NF˜ /P2 ⊕OP1(1) NF/P2
where α is given by id1 ⊗ Ld−d′ + F˜ ⊗ id2 . Clearly, α maps N ′F˜/P2 ⊕OP1(1) to
N ′F/P2 . Therefore, (3.4.1) follows from the induction assumption
H1(F˜ ,N ′F˜/P2) = 0 ,
and we are finished.
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